The purpose of the present work is to use the concepts of reachability and observability maps to provide a solution of a wellknown characterization of fuzzy regular languages. In between, we associate two deterministic fuzzy automata for a given deterministic fuzzy automaton and show that the reachability and observability maps of the given deterministic fuzzy automaton turn out to be morphisms in the category of deterministic fuzzy automata.
Introduction
Fuzzy automata theory, firstly proposed by Wee [39] has now developed significantly due to its importance in reducing the gap between formal languages and natural languages (cf., [5, 10-20, 22, 23, 27, 30, 31, 40] ). Among these studies, the concept of a deterministic fuzzy automaton (deterministic automaton equipped with fuzzy set of final states) was introduced and studied in [5, 10, 20] . The importance of such automaton is justified from the fact that (i) a fuzzy language is accepted by some fuzzy automaton iff it is accepted by some deterministic fuzzy automaton (cf., [5, 20] ), and (ii) the Nerode automaton of a fuzzy automaton is a deterministic fuzzy automaton equivalent to given fuzzy automaton (cf., [10] ).
One of the most significant branches of the algebraic theory of languages and automata is Myhill-Nerode's theory [28, 29] , in which formal languages and deterministic automata are studied through right congruences and congruences on free monoid. These right congruences on a free monoid have been shown to be useful in the construction of a minimal deterministic automaton recognizing a given language. After the introduction of fuzzy automata and fuzzy languages, the Myhill-Nerode's theory has also been used to construct a minimal deterministic fuzzy automaton for a given fuzzy language [11] . Further, in [11] , the concept of derivative of fuzzy languages was used for such construction.
In addition to, the usefulness of certain ideas, concepts and tools from category theory in the development of many aspects of theoretical computer science is well-known, specifically, there have been many research dealing with the categorical approach to automata theory (cf., [2-4, 8, 9, 35, 36] ). Moreover, the usefulness of category theory in the study of fuzzy automata were reported in [1, 21, 24-26, 32-34, 41] .
In this paper, we introduce the categories of deterministic fuzzy automata and fuzzy languages based on a complete residuated lattice without zero divisors. Next, for a given deterministic fuzzy automaton, we construct two new deterministic fuzzy automata. Further, we show that the reachability and observability maps of the given deterministic fuzzy automaton turn out to be the DFA-morphisms between the given deterministic fuzzy automaton and the constructed deterministic fuzzy automata. Finally, the observability map of one of the associated deterministic fuzzy automaton led to deduce the well-known relationship between a fuzzy regular language and Myhill-Nerode equivalence.
Definition 1 A residuated lattice is an algebra (L, ∧, ∨, ⊗, →, 0, 1) such that (i) (L, ∧, ∨, 0, 1) is a lattice with the least element 0 and the greatest element 1;
(ii) (L, ⊗, 1) is a commutative monoid with unit 1; and (iii) ⊗ and → form an adjoint pair, i.e.,
If, in addition (L, ∨, ∧, 0, 1) is a complete lattice, then the residuated lattice is called a complete residuated lattice. Further, (L, ∧, ∨, ⊗, →, 0, 1) is called complete residuated lattice without zero divisors if for all x = 0, y = 0 ⇒ x ⊗ y = 0. For example, a residuated lattice (L, ∧, ∨, ⊗, →, 0, 1) with Lukasiewicz t-norm x ⊗ y = max(x + y − 1, 0) is with zero divisors; while the same with Gödel t-norm x ⊗ y = min(x, y) is without zero divisors.
The fuzzy sets considered in this paper take the membership values in a complete residuated lattice L without zero divisors. The set of all fuzzy subsets of X is denoted by L X . For a fixed set X, X * denotes the free monoid generated by X. We shall denote by e, the identity element of X * . Now, we recall some concepts associated with fuzzy finite automata, deterministic fuzzy automata and fuzzy languages from [5, 10, 11, 20, 33, 34] .
Definition 2 A fuzzy automaton is a 5-tuple M = (Q, X, δ, σ 0 , σ 1 ), where Q and X are nonempty sets, called the set of states and the set of inputs, respectively, δ : Q × X × Q −→ L is a fuzzy subset of Q × X × Q, called a fuzzy transition function, and σ 0 , σ 1 : Q −→ L are fuzzy subsets of Q, called fuzzy initial and final state, respectively.
Remark 1
In [5] , it has been shown that the fuzzy transition function δ : Q×X ×Q −→ L can be extended to δ * :
Also, in [5] , it has been observed that
A fuzzy automaton whose set of states is finite is called a fuzzy finite automaton.
Definition 3 (i) A fuzzy subset of X * is called a fuzzy language in X.
(ii) A fuzzy language accepted by a fuzzy automaton M = (Q, X, δ, σ 0 , σ 1 ), denoted as f M :
(iii) A fuzzy language which is accepted by a fuzzy finite automaton is called a regular language.
Now, we recall the following concept of a deterministic fuzzy automaton.
Definition 4 A deterministic fuzzy automaton is a 5-tuple M = (Q, X, δ, q 0 , β), where (i) Q and X are sets called the state-set and the input-set, respectively.
(ii) δ : Q×X −→ Q is a map called transition map.
(iii) β : Q −→ L is a map called fuzzy set of final states.
(iv) q 0 ∈ Q is a fixed state called the initial state.
Remark 2 Let M = (Q, X, δ, q 0 , β) be a deterministic fuzzy automaton. The map δ can be extended to a map
Remark 3 (i) For a fuzzy language f :
Also, N f accepts the fuzzy language f .
(ii) For a fuzzy language f : X * −→ L and u ∈ X * , a fuzzy language f u :
Also, the set of all such derivatives turn out to be the state-set of a minimal automaton accepting the fuzzy language f .
The following shows that the deterministic fuzzy automata are equally powerful as fuzzy automata.
Proposition 1 [5] A fuzzy language is accepted by some fuzzy automaton if and only if it is accepted by some deterministic fuzzy automaton.
Definition 5 Let M = (Q, X, δ, q 0 , β) and M = (Q , X , δ , q 0 , β ) be deterministic fuzzy automata. A homomorphism f : M −→ M is a pair (a, b), where a : X −→ X and b : Q −→ Q are maps such that for all q ∈ Q, x ∈ X and for some l ∈ L \ 0, We shall denote by DFA the category of deterministic fuzzy automata. By abuse of language, we shall also denote the object-class of the category DFA by DFA itself.
Remark 4 (i) Let DFA(X) be the class of DFAobjects having the fixed input set X and whose morphisms are all DFA-morphisms of the form (b, id X ).
Then DFA(X) is also a category. Obviously, it is a subcategory of DFA.
(ii) For DFA(X)-objects M = (Q, X, δ, q 0 , β) and M = (Q , X, δ , q 0 , β ), we can describe a morphism (b, id X ) simply by the map b. Thus a morphism M −→ M in DFA(X) is a map b : Q −→ Q such that for all q ∈ Q, x ∈ X and for some l ∈ L \ 0,
Reachability and observability of a deterministic fuzzy automaton
In this section, for a given deterministic fuzzy automaton, we construct two new deterministic fuzzy automata. Further, we show that the reachability and observability maps of the given deterministic fuzzy automaton turn out to be the DFA-morphisms between the given deterministic fuzzy automaton and the constructed deterministic fuzzy automata. Interestingly, the observability map of one of the associated deterministic fuzzy automaton leads us to provide a much simpler proof of the well-known relationship among a fuzzy regular language, its set of derivatives and the index of Myhill-Nerode relation given in [10] .
We begin with the following concept of reachability map of a deterministic fuzzy automaton.
Definition 6 (a) Let M =(Q, X, δ, q 0 , β)∈ DFA(X).
The reachability map r of M is a map r : X * −→ Q such that (i) r(e) = q 0 , (ii) r(wa) = δ(r(w), a), ∀w ∈ X * and ∀a ∈ X.
Remark 5 It can be easily seen that (i) r(w) = δ * (q 0 , w), ∀w ∈ X * , and
Reachability of a deterministic fuzzy automaton means that all of its states should be reached from the initial state, i.e., (Q, X, δ, q 0 , β) ∈ DFA(X) is said to be reachable if for each q ∈ Q there exists w ∈ X * such that δ * (q 0 , w) = q. Which in terms of the reachability map can be characterized as the following.
Proposition 3 (Q, X, δ, q 0 , β)∈ DFA(X) is reachable iff r is onto.
the fuzzy language f q accepted by M in state q is a map f q :
The fuzzy language accepted by M in state q 0 is called the fuzzy language accepted by M .
Remark 6 It can be easily seen that f q0 = β • r.
Now, let M = (Q, X, δ, q 0 , β) ∈ DFA(X) which accepts fuzzy language f . Also, define a map µ : X * × X −→ X * such that µ(w, x) = wx, ∀w ∈ X * and x ∈ X. Then M 1 = (X * , X, µ, e, f ) is also a deterministic fuzzy automaton, which accepts the fuzzy language f . Now, we have the following.
Proposition 4
The reachability map r of M = (Q, X, δ, q 0 , β) ∈ DFA(X) is a DFA(X)-morphism from M 1 to M .
Proof: To show that the reachability map r : X * −→ Q is a DFA(X)-morphism from M 1 to M , it is enough to show that for all q ∈ Q, w ∈ X * , x ∈ X and for some l ∈ L \ 0, (i) r(e) = q 0 , (ii) r(µ(w, x)) = δ((r × id X )(w, x)), and
(iii) f (w) → β(r(w))) ≥ l.
Now, (i) is trivial. Also, r(µ(w, x)) = r(wx) = δ(r(w), x) = δ((r × id X )(w, x)). Finally, for all w ∈ X * , f (w) → β(r(w)) = f (w) → β(δ * (q 0 , w)) = f (w) → f (w) = 1.
Proposition 5 Let M = (Q, X, δ, q 0 , β) and M = (Q , X , δ , q 0 , β ) be deterministic fuzzy automata with reachability maps r : X * −→ Q and r : X * −→ Q respectively and DF A-morphism (a, b) : M −→ M , then (b • r)(w) = (r • a)(w).
Proof: We prove this by induction on the length of strings in X * . Let w ∈ X * . For |w| = 0, (b • r)(e) = b(r(e)) = b(q 0 ) = q 0 and (r • a)(e) = r (a * (e)) = r (e) = q 0 . Thus the equality holds for |w| = 0. We now assume that the result is true for all strings of length less than or equal to n, i.e., for all w ∈ X * such that |w| ≤ n, (b • r)(w) = (r • a)(w), i.e., b(r(w)) = r (a * (w)). Then (b • r)(wx) = b(r(wx)) = b(δ(r(w)), x) = δ (b(r(w), a(x))), as (a, b) is a DFA(X)-morphism. Furthermore, (r •a * )(wx) = r (a * (wx)) = r (a * (w)a(x)) = δ (r (a * (w)), a(x)) = δ (b(r(w)), a(x)) follows from the fact that the result is true for all strings of length less than or equal to n.
Hence the equality holds for |w| = n + 1.
The observability of M ∈ DFA(X) tells that different fuzzy languages are assigned to distinct states.
Again, let M = (Q, X, δ, q 0 , β) ∈ DFA(X) which accepts a given fuzzy language f . Also, define the maps ν : L X * × X −→ L X * such that ν(g, x) = g x , where g x (w) = g(xw), ∀g ∈ L X * , w ∈ X * , x ∈ X and ρ : L X * −→ L such that ρ(g) = g(e). Then M 2 = (L X * , X, ν, f, ρ) is also a deterministic fuzzy automaton, which accepts the fuzzy language f . Now, we have the following.
Proof : To show that the observability map σ M : In the following, we introduce the concept of homomorphism between two fuzzy languages.
Functorial relationship between DFA and FL
In this section, we study a functorial relationship between the category of deterministic fuzzy automata and category of fuzzy languages. We begin with the following.
Definition 9 A homomorphism from a fuzzy language f : X * −→ L to fuzzy language f :
where a * is the free extension of the map a defined inductively by a * (e) = e and a * (wx) = a * (w)a(x) for every w ∈ X * , x ∈ X and l ∈ L \ 0.
Proposition 10 For a given set X, the class of fuzzy languages and their morphisms form a category.
Remark 8
We shall denote by FL, the category of fuzzy languages.
The following is towards the functorial relationship between the category of deterministic fuzzy automata and category of fuzzy languages. Proof: We will only show that a is an F L-morphism.
Since (a, b) : M −→ M is a DF A-morphism, for w ∈ X * , f (a * (w)) = β (δ * (b(q), a(w))) = β (b(δ * (q, w))) ≥ l ⊗ β(δ * (q, w)) = l ⊗ f (w).
i.e., f (w) → f (a * (w)) ≥ l. Thus E is a functor.
Conclusion
In this paper,
• we have introduced the concept of reachability map, observability map, categories of deterministic fuzzy automata and fuzzy language based on a complete residuated lattice without zero divisors;
• we have shown that the observability map of one of the associated deterministic fuzzy automaton leads us to deduce the well-known result of a fuzzy regular language;
• further, a functorial relationship is established between the category of deterministic fuzzy automata and that of fuzzy languages.
A generalized concept of a deterministic fuzzy automaton is recently introduced in [7] . In future, we will try to study the categorical concepts for such automaton.
